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Abstract
In this paper we study the boundedness and the asymptotic behavior of the positive solutions of
the system of difference equations
xn+1 =A+
∑k
i=1 aixn−pi∑m
j=1 bj yn−qj
, yn+1 =B +
∑k
i=1 ciyn−pi∑m
j=1 dj xn−qj
,
where k,m ∈ {1,2, . . .}, A,B,ai , ci , bj , dj , i ∈ {1, . . . , k}, j ∈ {1, . . . ,m}, are positive constants,
pi , qj , i ∈ {1, . . . , k}, j ∈ {1, . . . ,m}, are positive integers such that p1 < p2 < · · · < pk ,
q1 < q2 < · · ·< qm and the initial values xi , yi , i ∈ {−π,−π + 1, . . . ,0}, π = max{pk,qm} are
positive numbers.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
The importance of difference equations mainly owed to the fast progress of computer
science which uses mathematics models with exclusively discrete variables and not con-
tinuous and also to many applications in economics, biology, engineering etc. (see Agar-
wal [1], Elaydi [5], Kocic and Ladas [6]).
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edness and the periodic nature of the positive solutions of the equation
xn+1 = a + xn−1
xn
,
where A is a positive constant and x−1, x0 are positive numbers.
In [4] DeVault, Ladas and Schultz investigated the boundedness, the persistence, the
oscillatory behavior and the global asymptotic stability of the positive solutions of the
difference equation
xn+1 =A+ xn
xn−1
, n= 0,1, . . . ,
where A ∈ (0,∞).
In [7] Papaschinopoulos and Schinas studied the oscillatory behavior, the periodicity
and the asymptotic behavior of the positive solutions of the system of the two nonlinear
difference equations
xn+1 =A+ xn−1
yn
, yn+1 =A+ yn−1
xn
, n= 0,1, . . . ,
where A ∈ (0,∞) and x−1, x0, y−1, y0 are positive numbers.
In [8] Papaschinopoulos, Kiriakouli and Hatzifilippidis studied the difference equations
xn+1 =A+
∑k−1
s=0csxn−s
xn−k
, n= 0,1, . . . ,
where A,cs , s ∈ {0,1, . . . , k − 1}, are positive constants and x−k, . . . , x0 ∈ (0,∞).
Finally, in [3] Camouzis and Papaschinopoulos investigated the global asymptotic be-
havior of the positive solutions of the system
xn+1 =A+ xn
yn−m
, yn+1 = B + yn
xn−m
, n= 0,1, . . . ,
where the initial conditions xi, yi , i =−m,−m+1, . . . ,0, A,B are positive constants and
m is a positive integer.
In this paper we consider the system of difference equations
xn+1 =A+
∑k
i=1 aixn−pi∑m
j=1 bjyn−qj
, yn+1 = B +
∑k
i=1 ciyn−pi∑m
j=1 djxn−qj
, (1)
where k,m ∈ {1,2, . . .}, A,B,ai, ci, bj , dj , i ∈ {1, . . . , k}, j ∈ {1, . . . ,m}, are positive
constants, pi, qj , i ∈ {1, . . . , k}, j ∈ {1, . . . ,m}, are positive integers such that
p1 <p2 < · · ·<pk, q1 < q2 < · · ·< qm
and the initial values xi, yi , i ∈ {−π,−π + 1, . . . ,0},
π =max{pk, qm}
are positive numbers.
We say that a positive solution (xn, yn) of (1) is bounded and persists if there exist
positive constants M,N such that
M  xn, yn N, n= 0,1, . . . .
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behavior of the positive solutions of (1). In addition for k  2 and under some conditions on
the parameters q1, q2, . . . , qm we prove that system (1) possesses the following trichotomy
(i) If A<D or B <C or A>D, B = C or A=D, B > C, C =
∑k
i=1 ai∑m
j=1 bj
, D =
∑k
i=1 ci∑m
j=1 dj
,
then system (1) has unbounded solutions.
(ii) If A = D and B = C then every positive solution of the system (1) converges to a
period r solution of (1).
(iii) If A>D and B >C then there exists a unique positive equilibrium (x, y) of (1) and
every positive solution of (1) tends to (x, y).
Finally, we note that we are going to use the results concerning system (1) and obtained
in this paper in order to study the corresponding fuzzy difference equation, as in the papers
[9–11].
2. Main results
Firstly, we find conditions so that system (1) has unbounded solutions.
Proposition 1. Consider system (1) where k,m ∈ {1,2, . . .}, A,B,ai, ci, bj , dj , i ∈
{1, . . . , k}, j ∈ {1, . . . ,m}, are positive constants and the initial values xi, yi , i ∈ {−π,
−π + 1, . . . ,0}, are positive numbers. Then the following statements are true:
I. If one of the following conditions
(i) A<D, B = C, (ii) A>D, B = C, (iii) A=D, B <C,
(iv) A=D, B >C, (v) A<D, B >C, (vi) A>D, B <C, (2)
where
C =
∑k
i=1 ai∑m
j=1 bj
, D =
∑k
i=1 ci∑m
j=1 dj
is satisfied then every positive solution of (1) is unbounded.
II. Moreover, if
B <C (3)
then system (1) has unbounded solutions (xn, yn) such that
lim
n→∞ xn =∞, limn→∞ yn = B (4)
and if
A<D (5)
then system (1) has unbounded solutions (xn, yn) such that
lim
n→∞ xn =A, limn→∞ yn =∞. (6)
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Then we have
l1 = lim inf
n→∞ xn A, l2 = lim infn→∞ yn  B,
L1 = lim sup
n→∞
xn <∞, L2 = lim sup
n→∞
yn <∞. (7)
Then relations (1) and (7) imply that
L1(B −C) (A−D)l2, L2(A−D) (B −C)l1. (8)
So from (7) and (8) it is obvious that relations (2) are not satisfied. This completes the
proof of the statement I.
II. Firstly, suppose that (3) is satisfied. We consider the difference equation
vn+1 =A+
∑k
i=1 aivn−pi∑k
i=1 ai
, n= 0,1, . . . . (9)
Then we can easily prove that
v¯n = nA
∑k
i=1 ai∑k
i=1 ai +
∑k
i=1 aipi
, n=−pk,−pk + 1, . . .
is solution of (9) such that
lim
n→∞ v¯n =∞. (10)
Let (xn, yn) be a positive solution of (1) with initial values satisfying
xi 
CD
C −B , yi < C, i =−π,−π + 1, . . . ,0. (11)
Then in view of (1) and (11) we can prove that
x1 >A+ CD
C −B >
CD
C −B , y1 <C. (12)
Using (1), (11), (12) and working inductively we can prove that
xn >
CD
C −B , yn < C, n= 1,2, . . . . (13)
Therefore, relations (1) and (13) for n= 1,2, . . . imply that
xn+1 >A+
∑k
i=1 aixn−pi
C
∑m
j=1 bj
=A+
∑k
i=1 aixn−pi∑k
i=1 ai
. (14)
Since v¯i  0 for i =−pk,−pk + 1, . . . ,0 then relation (14) implies that
x1 >A+
∑k
i=1 aiv¯−pi∑k
i=1 ai
= v¯1
and working inductively we can prove that
xn  v¯n, n= 1,2, . . . . (15)
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lim
n→∞ xn =∞. (16)
Moreover, from (1) and (13) we get
B < yn < B +C
∑k
i=1 ci∑m
j=1 djxn−qj−1
, n π + 2. (17)
Therefore, in view of (16) and (17) we get
lim
n→∞ yn = B. (18)
Hence, from (16) and (18) we take relations (4).
Finally, suppose that (5) holds. We consider the difference equation
wn+1 = B +
∑k
i=1 ciwn−pi∑k
i=1 ci
, n= 0,1, . . . . (19)
We can easily prove that
wn = nB
∑k
i=1 ci∑k
i=1 ci +
∑k
i=1 cipi
, n=−pk,−pk + 1, . . .
is a solution of (19) such that
lim
n→∞wn =∞. (20)
Let (xn, yn) be a positive solution of (1) with initial values satisfying
yi 
CD
D −A, xi < D, i =−π,−π + 1, . . . ,0.
Then form (20) and arguing as above we can prove that (6) are satisfied. This completes
the proof of the statement II of the proposition. ✷
In the following proposition we study the periodicity of the positive solutions of sys-
tem (1).
Proposition 2. Consider system (1) where k,m ∈ {1,2, . . .}, A,B,ai, ci, bj , dj , i ∈
{1, . . . , k}, j ∈ {1, . . . ,m}, are positive constants and the initial values xi, yi , i ∈ {−π,
−π + 1, . . . ,0}, are positive numbers. Suppose that
A=D and B = C. (21)
Let r be a common divisor of the integers pi + 1, i = 1,2, . . . , k. If r is also a common di-
visor of the positive integers qj +1, j = 1,2, . . . ,m, then system (1) has periodic solutions
of period r .
Proof. From hypothesis there exist positive integers ri, sj , i = 1,2, . . . , k, j = 1,2, . . . ,m,
such that the following relations are satisfied:
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qj + 1= rsj , sj ∈ {1,2, . . .}, j = 1,2, . . . ,m. (23)
Moreover, from (22) and (23) if φ =max{rk, sm} we get
π + 1= rφ.
Let (xn, yn) be a positive solution of (1) with initial values satisfying
x−rφ+rλ+θ = x−r+θ , y−rφ+rλ+θ = y−r+θ , λ= 0,1, . . . , φ − 1, θ = 1,2, . . . , r,
xw > A, yw = Bxw
xw −A, w =−r + 1,−r + 2, . . . ,0. (24)
It is obvious that for i ∈ {1,2, . . . , k}, j ∈ {1,2, . . . ,m}, θ ∈ {1,2, . . . , r}
−rri + θ =−rφ + (φ − ri)r + θ, −rsj + θ =−rφ + (φ − sj )r + θ (25)
where
φ − ri , φ − sj ∈ {0,1, . . . , φ − 1}, i = 1,2, . . . , k, j = 1,2, . . . ,m.
Therefore, from relations (1), (21)–(25) we get
xθ =A+
∑k
i=1 aix−rri+θ∑m
j=1 bjy−rsj+θ
= A+ Bx−r+θ
y−r+θ
= x−r+θ . (26)
yθ = B +
∑k
i=1 ciy−rri+θ∑m
j=1 djx−rsj+θ
= B + Ay−r+θ
x−r+θ
= y−r+θ . (27)
Let a v ∈ {1,2, . . .}. Suppose that for all κ ∈ {1,2, . . . , v − 1} we have
xκr+θ = x−r+θ , yκr+θ = y−r+θ , θ = 1,2, . . . , r. (28)
Relations (1), (22) and (23) imply that
xvr+θ =A+
∑k
i=1 aix−rri+vr+θ∑m
j=1 bjy−rsj+vr+θ
. (29)
Firstly, suppose that there exists at least one i ∈ {1,2, . . . , k} such that ri  v. Then there
exists an ω ∈ {1,2, . . . , k} such that
ri  v, i = 1,2, . . .ω, ri  v + 1, i = ω+ 1,ω+ 2, . . . , k. (30)
Then in view of (26), (28), (30) we have for i = 1,2, . . . ,ω
x−rri+vr+θ = xr(v−ri)+θ = x−r+θ . (31)
Also, from (24) and (30) we have for i = ω+ 1,ω+ 2, . . . , k
x−rri+vr+θ = x−rφ+(φ−ri+v)r+θ = x−r+θ . (32)
In addition, if for all i = 1,2, . . . , k relations ri  v + 1 hold it is obvious that (32) is true.
Therefore, from (31) and (32) it is obvious that
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i=1
aix−rri+vr+θ = x−r+θ
k∑
i=1
ai. (33)
Similarly, we can prove that
m∑
j=1
bjy−rsj+vr+θ = y−r+θ
m∑
j=1
bj . (34)
Therefore, in view of (21), (24) , (29), (33) and (34) we have
xvr+θ = x−r+θ . (35)
Similarly, we can prove that
yvr+θ = y−r+θ . (36)
So from (26)–(28), (35) and (36) the proof of the proposition is completed. ✷
In the following proposition we study the boundedness and persistence of the positive
solutions of (1).
Proposition 3. Consider system (1) where k,m ∈ {1,2, . . .}, A,B,ai, ci, bj , dj , i ∈
{1, . . . , k}, j ∈ {1, . . . ,m}, are positive constants and the initial values xi, yi , i ∈ {−π,
−π + 1, . . . ,0}, are positive numbers. Suppose that either relations (21) or
A>D, B > C (37)
are satisfied. Then every positive solution of (1) is bounded and persists.
Proof. Let (xn, yn) be a positive solution of (1).
Firstly, suppose that (21) are satisfied. From (1) it is obvious that
xn > A, yn > B, n= 1,2, . . . . (38)
Therefore, from (38) there exist positive numbers L1 > 1, L2 > 1 such that
AL1 < xi <
AL1
L1 − 1 , BL2 < yi <
BL2
L2 − 1 , i = 1,2, . . . , π + 1. (39)
Hence, from (39) if L=min{L1,L2} we get
xi ∈
[
AL,
AL
L− 1
]
, yi ∈
[
BL,
BL
L− 1
]
, i = 1,2, . . . , π + 1. (40)
Then in view of (1), (21) and (40) we take
xπ+2 =A+
∑k
i=1 aixπ+1−pi∑m
j=1 bjyπ+1−qj
A+ ABL(L− 1)
BL
=AL,
xπ+2 A+ ABL
BL(L− 1) =
AL
L− 1 .
(41)
Similarly, we take
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BL
L− 1 . (42)
Then using (1), (21), (40)–(42) and arguing as above we take
xn ∈
[
AL,
AL
L− 1
]
, yn ∈
[
BL,
BL
L− 1
]
, n= 1,2, . . .
and so (xn, yn) is bounded and persists if (21) holds.
Suppose now that (37) hold. Then from (38) there exist positive numbers L1,L2, such
that
C <L1  B, D <L2 A (43)
and
xi ∈
[
A,
AB
L1 −C
]
, yi ∈
[
B,
AB
L2 −D
]
, i ∈ {1,2, . . . , π + 1}. (44)
Then using (1), (43), (44) and arguing as above we take
xn ∈
[
A,
AB
L1 −C
]
, yn ∈
[
B,
AB
L2 −D
]
, n= 1,2, . . .
and so we have that (xn, yn) is bounded and persists if (37) is satisfied. This completes the
proof of the proposition. ✷
In the following proposition we study the convergence of the positive solutions of (1).
We need the following lemma.
Lemma 1. Let r1, r2, . . . , rk , k = 2,3, . . . be positive integers such that
(r1, r2, . . . , rk)= 1, (45)
where (r1, r2, . . . , rk) is the greatest common divisor of r1, r2, . . . , rk . Let s1, s2, . . . , sm,
m = 1,2, . . . , be positive integers. Then for any positive integer σ there exist integers
bwi = bwi(σ ), cwj = cwj (σ ), w = 1,2, . . . , k +m, i = 1,2, . . . , k, j = 1,2, . . . ,m, such
that
σ =
k∑
i=1
bwi(σ )ri +
m∑
j=1
cwj (σ )sj , (46)
where
bii > 0, i = 1,2, . . . , k, ck+j,j > 0, j = 1,2, . . . ,m,
bwi < 0, i = 1,2, . . . , k, w = i, cwj < 0, j = 1,2, . . . ,m, w = k + j,
w = 1,2, . . . , k +m, and
cwj , w = 1,2, . . . , k +m, j = 1,2, . . . ,m, (47)
are even numbers.
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1,2, . . . , k, such that
σ =
k∑
i=1
βiri . (48)
For any ρ, ξ ∈ {1,2, . . . , k}, τ,ψ ∈ {1,2, . . . ,m} we set
bρρ = βρ −ω
(
k∑
i=1, i =ρ
ri +
m∑
j=1
sj
)
, bρξ = βξ +ωrρ, ρ = ξ,
bk+τ,ρ = βρ +ωsτ , cρτ = ωrρ, ck+τ,ψ = ωsτ , τ =ψ, (49)
ck+τ,τ =−ω
(
k∑
i=1
ri +
m∑
j=1, j =τ
sj
)
,
where ω is an even integer, such that
ω < min
{
−B
r1
,−B
s1
,
β∑k
i=1, i =ρ ri +
∑m
j=1 sj
}
, (50)
B =max{βi, i = 1,2, . . . , k}, β =min{βi, i = 1,2, . . . , k}. Then from (48), (49) and (50)
we get
k∑
i=1
bρiri +
m∑
j=1
cρj sj =
k∑
i=1, i =ρ
(βi +ωrρ)ri + βρrρ −ωrρ
(
k∑
i=1, i =ρ
ri +
m∑
j=1
sj
)
+ωrρ
m∑
j=1
sj = σ (51)
and
k∑
i=1
bk+τ,iri +
m∑
j=1
ck+τ,j sj =
k∑
i=1
(βi +ωsτ )ri − sτω
(
k∑
i=1
ri +
m∑
j=1, j =τ
sj
)
+ωsτ
m∑
j=1, j =τ
sj = σ. (52)
Therefore, in view of (49)–(52) we take (46) and (47). This completes the proof of the
lemma. ✷
Proposition 4. Consider system (1) where k,m ∈ {1,2, . . .}, A,B , ai, ci, bj , dj , i ∈
{1, . . . , k}, j ∈ {1, . . . ,m}, are positive constants and the initial values xi, yi , i ∈ {−π,
−π + 1, . . . ,0}, are positive numbers. Then the following statements are true:
I. Suppose that (37) holds. Then (1) has a unique positive equilibrium (x, y) and every
positive solution (xn, yn) of (1) tends to the (x, y) as n→∞.
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Then if k  2, relations (21) are satisfied and r is a common divisor of qj + 1, j =
1,2, . . . ,m, every positive solution (xn, yn) of (1) tends to a period r solution of (1).
Proof. I. From (1) and (37) we can easily prove that (x, y) where
x = AB −DC
B −C , y =
AB −DC
A−D
is the unique positive equilibrium of (1). Moreover, from Proposition 3 and relations (7) and
(8) it is obvious that every positive solution (xn, yn) of (1) tends to the (x, y) as n→∞.
This completes the proof of I.
II. Let (xn, yn) be an arbitrary positive solution of (1). We prove that there exist the
lim
n→∞ xnr+i = εi, i = 0,1, . . . , r − 1. (53)
We fix a τ ∈ {0,1, . . . , r − 1}. From hypothesis there exist positive integers ri , sj , i =
1,2, . . . , k, j = 1,2, . . . ,m, such that relations (22) and (23) are satisfied. Then in view of
(1), (22) and (23) we obtain
xrn+τ =A+
∑k
i=1 aixr(n−ri )+τ∑m
j=1 bjyr(n−sj )+τ
, yrn+τ = B +
∑k
i=1 ciyr(n−ri)+τ∑m
j=1 djxr(n−sj )+τ
. (54)
Since from Proposition 3 the solution (xn, yn) is bounded and persists, we have
lim inf
n→∞ xnr+τ = lτ A, lim infn→∞ ynr+τ =mτ  B,
lim sup
n→∞
xnr+τ = Lτ <∞, lim sup
n→∞
ynr+τ =Mτ <∞. (55)
Moreover, relations (54) and (55) imply that
Lτ A+ CLτ
mτ
, Mτ  B + DMτ
lτ
, lτ A+ Clτ
Mτ
, mτ  B + Dmτ
Lτ
. (56)
Therefore, from (21) and (56) we take
mτ = BLτ
Lτ −A, lτ =
AMτ
Mτ −B . (57)
We prove that (53) is true for i = τ . Suppose on the contrary that lτ < Lτ . Then from
(55) there exists an ε > 0 such that
Lτ > lτ + ε > A+ ε. (58)
In view of (55) there exists a sequence nµ, µ= 1,2, . . . , such that nµ > θ , nµ > ζ and
lim
µ→∞ xrnµ+τ = Lτ , limµ→∞xr(nµ−θ)+τ = Tθτ  Lτ ,
lim
µ→∞ yr(nµ−ζ )+τ = Sζτ mτ ,
(59)
where
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k∑
i=1
βiri +
m∑
j=1
γj sj ,
ζ = ζ(λ1, λ2, . . . , λk,µ1,µ2, . . . ,µm)=
k∑
i=1
λiri +
m∑
j=1
µj sj ,
βi, λi ∈ {0,1, . . . , δi}, γj ,µj ∈ {0,1, . . . ,ψj },
δi =max
{
bii(σ )− bvi(σ ), v = 1,2, . . . , k +m, σ = 1,2, . . . , φ
}
,
ψj =max
{
ck+j,j (σ )− cvj (σ ), v = 1,2, . . . , k +m, σ = 1,2, . . . , φ
}
,
bvi(σ ), cvj (σ ) are defined in (49) and
∑m
j=1 γj (respectively
∑m
j=1 µj ) is an even (respec-
tively odd) number.
In view of (21), (54), (55), (57) and (59) it is obvious that
Lτ =A+
∑k
i=1 aiTri ,τ∑m
j=1 bjSsj ,τ
A+ BLτ
mτ
= Lτ
and obviously, we have that
Tri,τ = Lτ , Ssj ,τ =mτ , i = 1,2, . . . , k, j = 1,2, . . . ,m. (60)
Furthermore, using (21), (54), (57), (59) and the second relation of (60) it is obvious that
for i = 1,2, . . . ,m
mτ = B +
∑k
i=1 ciSsj+ri ,τ∑m
v=1 dvTsj+sv,τ
 B + Amτ
Lτ
=mτ
and so we take
Ssj+ri ,τ =mτ , Tsj+sv,τ = Lτ , j, v ∈ {1,2, . . . ,m}, i = 1,2, . . . , k. (61)
Therefore, from relations (21), (54), (57), (59)–(61) and arguing as above we can prove
that
lim
µ→∞ xr(nµ−θ)+τ = Lτ , limµ→∞yr(nµ−ζ )+τ =mτ . (62)
Let a σ ∈ {0,1, . . . , φ}. Relations (54) imply that
xr(nµ+σ)+τ =A+
∑k
i=1 aixr(nµ+σ−ri )+τ∑m
j=1 bjyr(nµ+σ−sj )+τ
,
yr(nµ+σ)+τ = B +
∑k
i=1 ciyr(nµ+σ−ri )+τ∑m
j=1 djxr(nµ+σ−sj )+τ
.
(63)
We claim that
lim
µ→∞ xr(nµ+σ)+τ = Lτ , limµ→∞xr(nµ+σ−ri )+τ = Lτ , i = 1,2, . . . , k,
lim xr(nµ+σ−sj )+τ = Lτ , lim yr(nµ+σ−sj )+τ =mτ, j = 1,2, . . . ,m. (64)µ→∞ µ→∞
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function F :R×R× · · · ×R→R such that
xr(nµ+σ)+τ =A+F(xζnµ,1+τ , . . . , xζnµ,p+τ , yξnµ,1+τ , . . . , yξnµ,q+τ ), (65)
where
ζnµ,l = r
(
nµ + σ −
k∑
i=1
βliri −
m∑
j=1
γlj sj
)
, l = 1,2, . . . , p, (66)
ξnµ,v = r
(
nµ + σ −
k∑
i=1
εviri −
m∑
j=1
θvj sj
)
, v = 1,2, . . . , q, (67)
∑m
j=1 γlj (respectively
∑m
j=1 θvj ) is an even (respectively odd) number and for any l ∈{1,2, . . . , p} either there exists a il ∈ {1,2, . . . , k} such that
βl,il = bil,il , βli  bii , i = 1,2, . . . , k,
γlj  ck+j,j , j = 1,2, . . . ,m
(68)
or there exists a jl ∈ {1,2, . . . ,m} such that
γl,jl = ck+jl,jl , γlj  ck+j,j , j = 1,2, . . . ,m,
βli  bii, i = 1,2, . . . , k.
(69)
In addition, for any v ∈ {1,2, . . . , q} either there exists an iv ∈ {1,2, . . . , k} such that
εv,iv = biv,iv , εvi  bii, i = 1,2, . . . , k,
θvj  ck+j,j , j = 1,2, . . . ,m
(70)
or there exists a jv ∈ {1,2, . . . ,m} such that
θv,jv = ck+jv,jv , θvj  ck+j,j , j = 1,2, . . . ,m,
εvi  bii , i = 1,2, . . . , k.
(71)
Let a l ∈ {1,2, . . . , p}. Suppose that there exists an il ∈ {1,2, . . . , k} such that (68) is true.
Since (45) holds, from Lemma 1 and relations (66) and (68) we get
ζnµ,l = r
(
nµ −
k∑
i=1, i =il
(βli − bil ,i)ri −
m∑
j=1
(γlj − cil ,j )sj
)
, l = 1,2, . . . , p. (72)
Then in view of (62), (68) and (72) we have for l = 1,2, . . . , p
lim
µ→∞ xζnµ,l+τ = Lτ . (73)
We consider that there exists a jl such that (69) hold. Since (45) holds, from Lemma 1
and relations (66), (69) we get
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(
nµ −
k∑
i=1
(βli − bk+jl,i)ri
−
m∑
j=1, j =jl
(γlj − ck+jl ,j )sj
)
, l = 1,2, . . . , p. (74)
Therefore, from (62) and (74) we take (73).
Similarly, using (62), (67), (70) and (71) we can prove that for v = 1,2, . . . , q
lim
µ→∞ yξnµ,v+τ =mτ . (75)
Then in view of (57), (65), (73) and (75) we take
lim
µ→∞ xr(nµ+σ)+τ =A+ F(Lτ , . . . ,Lτ ,mτ , . . . ,mτ )=A+
BLτ
mτ
= Lτ . (76)
Similarly, we can prove that for σ ∈ {0,1, . . . , φ}
lim
µ→∞ xr(nµ+σ−ri )+τ = Lτ , i = 1,2, . . . , k. (77)
Using (57), (63), (76) and (77) we take for σ ∈ {0,1, . . . , φ}
lim
µ→∞ yr(nµ+σ−sj )+τ =mτ , j = 1,2, . . . ,m. (78)
In addition, from (78) we take
lim
µ→∞ yrnµ+τ =mτ . (79)
Furthermore, using (55) and without loss of generality we can suppose that
lim
µ→∞ xr(nµ−θ¯ )+τ = Tθ¯τ  Lτ , limµ→∞ yr(nµ−ζ¯ )+τ = Sζ¯τ mτ , (80)
where
θ¯ = θ¯(β¯1, β¯2, . . . , β¯k, γ¯1, γ¯2, . . . , γ¯m)= k∑
i=1
β¯i ri +
m∑
j=1
γ¯j sj ,
ζ¯ = ζ¯ (λ¯1, λ¯2, . . . , λ¯k, µ¯1, µ¯2, . . . , µ¯m)= k∑
i=1
λ¯i ri +
m∑
j=1
µ¯j sj ,
β¯i , λ¯i ∈ {0,1, . . . , δi}, γ¯j , µ¯j ∈ {0,1, . . . ,ψj },∑m
j=1 γ¯j (respectively
∑m
j=1 µ¯j ) is an odd (respectively even) number. Then using (21),
(54), (57), (79), (80) and using the same argument to prove (61) we can easily take
Sri ,τ =mτ , Tsj ,τ = Lτ , j = 1,2, . . . ,m, i = 1,2, . . . , k. (81)
Therefore, in view of (21), (54), (57), (80), (81) and using the same argument to prove (76)
we can prove that
lim xr(nµ+σ−sj )+τ = Lτ , j = 1,2, . . . ,m. (82)µ→∞
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From (58) we can define the positive number δ as follows
δ = ε(mτ −B)
Lτ − ε−A.
In view of (64) there exists a µ0 ∈ {1,2, . . .} such that
xr(nµ0+κ)+τ  Lτ − ε, κ =−φ,−φ + 1, . . . , φ,
yr(nµ0+ν)+τ mτ + δ, ν =−sm,−sm + 1, . . . , φ − s1.
(83)
In addition, from (1) we take
xr(nµ0+φ+1)+τ =A+
∑k
i=1 aixr(nµ0+φ+1−ri )+τ∑m
j=1 bjyr(nµ0+φ+1−sj )+τ
,
yr(nµ0+φ+1−sj )+τ = B +
∑k
i=1 ciyr(nµ0+φ+1−sj−ri )+τ∑m
v=1 djxr(nµ0+φ+1−sj−sv)+τ
.
(84)
Then from (21), (57), (83) and (84) we take
yr(nµ0+φ+1−sj )+τ  B +
A(mτ + δ)
Lτ − ε =mτ + δ. (85)
Hence relations (21), (57), (58), (83)–(85) imply that
xr(nµ0+φ+1)+τ A+
B(Lτ − ε)
mτ + δ = Lτ − ε > lτ .
Similarly, we can easily prove that
xr(nµ0+φ+m)+τ  Lτ − ε > lτ , m= 2,3, . . .
which is a contradiction since lim infn→∞ xrn+τ = lτ . Therefore, since τ is an arbitrary
number such that τ ∈ {0,1, . . . , r − 1} relations (53) are satisfied.
In addition, from (53), (55) and (57) it is obvious that
lim
n→∞ ynr+i = ξi , i = 0,1, . . . , r − 1, (86)
where ξi , i = 0,1, . . . , r − 1, are positive numbers. Therefore, from relations (53) and (86)
the proof of the Part II of the proposition is completed. ✷
Using Propositions 1–4 we take the last proposition concerning the following tri-
chotomy for system (1).
Proposition 5. Consider system (1) where k ∈ {2,3, . . .},m ∈ {1,2, . . .},A,B , ai, ci, bj , dj ,
i ∈ {1, . . . , k}, j ∈ {1, . . . ,m}, are positive constants and the initial values xi, yi , i ∈
{−π,−π + 1, . . . ,0}, are positive numbers. Let r be the greatest common divisor of the
positive integers pi + 1, i = 1,2, . . . , k. Then if r is a common divisor of the positive
integers qj + 1, j = 1,2, . . . ,m, system (1) possesses the following trichotomy:
(i) If A < D or B < C or A > D, B = C or A = D, B > C then system (1) has un-
bounded solutions.
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period r solution of (1).
(iii) If A>D and B >C then there exists a unique positive equilibrium (x, y) of (1) and
every positive solution of (1) tends to (x, y).
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